The relationship between critical points of equivariant functions and topological invariants of an equivariant action on closed manifold is an interesting problem. In this paper, we study this relationship for orientation-preserving actions of finite groups G on a closed orientable surfaces. We give an elementary, but detailed, description of the behaviour of the gradient field of an equivariant C 1 -function, we present an elementary, differential, proof of the Riemann-Hurwitz formula and we construct invariant C 1 -functions with the minimal number of critical orbits. These lead us to show that, with a few exceptions, the equivariant Lusternik-Schnirelmann category of a closed orientable topological surface equals the number of singular orbits of the action.
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Introduction
Throughout the whole paper we shall, usually, use the letter X to denote a topological space and M when this space is a manifold with a differential structure. A compact Riemann surface, which is understood as a two-dimensional compact closed surface M with a Riemannian metric and thus as a surface equipped with a holomorphic structure will be denoted, by S. We shall see that, without loss of generality, a finite orientationpreserving faithfull action of a finite group G on a closed orientable topological surface X can be assumed to be holomorphic for some Riemann surface S homeomorphic to X .
In the first part of this paper, we study a behaviour of G-invariant functions, showing a correspondence between G-invariant C 1 -functions on the surface M and C 1 -functions on its orbit space M = M/G. Note that, since our paper concerns surfaces, all such orbit spaces are manifolds, as follows from Theorem 2.4. We derive a formula for the index of the gradient at a critical point of an invariant function (Lemma 3.5 and Corollary 3.7) which allows us to give a new, differential, proof of the RiemannHurwitz formula. It is worth to be pointed out that all of the arguments used are completely elementary.
Calculating the equivariant Lusternik-Schnirelmann category of a space X with an action of compact Lie group G is an interesting problem. In the second part of this work, we give a complete characterization of equivariant category for an orientationpreserving action of a finite group G on a closed orientable topological surface X . The main result (Theorem 4.11) says that, apart from some special cases, the equivariant Lusternik-Schnirelmann category of such a surface is equal to the number of singular orbits, by which we mean the orbits of lengths smaller than the order of G. Consequently, given a surface X of genus g = g(X ), the problem of finding actions of a finite group G with a given equivariant Lusternik-Schnirelmann category is equivalent to the problem of constructing actions of G with prescribed number of periods. For a cyclic group G = Z N , a more general problem of finding necessary and sufficient conditions for the existence of such action on a surface with prescribed set of periods and given genus was solved in [7, 14] . This relationship was a principal motivation for the authors while working on this subject. Nevertheless, the starting point for our studies of equivariant category of a surface, was the paper by Colman [4] .
The classical Lusternik-Schnirelmann category gives a lower estimate for the number of critical points of any C 1 -function. Its equivariant version gives a similar estimate for an equivariant C 1 -function f : M → R (cf. [1, 3, 11] ). Consequently, this notion has also important applications in studies of multiplicities of nonlinear variational problems with symmetry (see [1] for a review of results), which can be seen as another justification of our study.
M. An invariant subspace U of M is called G-categorical if it is contractible through a G-equivariant homotopy by which we understand homotopy F which is G-invariant on each level F t .
The equivariant category of a closed G-invariant subset A of a topological space X , denoted by cat G (A; X ), is the smallest possible number of G-categorical, within the whole space X and not only in A, invariant open subsets required to cover A and it is defined to be infinity ∞ if no such covering exists. If A = X , then we simply denote cat G (A; X ) by cat G (X ) and call it the equivariant category of X . Clearly, the equivariant category is invariant under equivariant homeomorphisms, and coincides with the classical Lusternik-Schnirelmann category for the case of trivial action.
In this paper, we give a complete characterization of the equivariant category for any orientation-preserving action of finite Lie groups on compact orientable unbordered surfaces. We begin with a classical and well-known observation, that for surfaces with negative Euler characteristic, the case of finite group action studied here is actually the only possible one. 
Suppose that the set M T of points fixed by T in M is equal to M, which simply means that the action of T is trivial. Also, any g ∈ G is conjugate to an element t ∈ T, say g = g tg −1 . Then, for
)x = ex = x and so the action of the whole group G on M must be trivial as well.
We are left with the case when the action of T is nontrivial. Let ϕ : G → Homeo(M) be the homeomorphism induced by this action. The latter means that ker ϕ = T and so the quotient group T/ ker ϕ is embedded into Homeo + (M). Since any proper subgroup of
is equal, up to an isomorphism of T, to
This implies that the group Homeo(M) contains cyclic subgroups of arbitrarily large order, which is impossible for a compact surface of genus g ≥ 2 due to the classical Hurwitz theorem, which we present below for a reader's convenience (see also classical result of Wimann [17] for the precise bound on the order in this case).
Remark 2.2
If M is the sphere S 2 with the Riemannian metric induced by the canonical embedding in R 3 or a torus T 2 = R 2 /Z 2 with the flat Riemannian metric, then the group of isometries is infinite and contains S 1 or T 2 , respectively. Therefore, for these surfaces, we have to make an additional assumption, that the group acting is finite.
Remark 2.3
First remind that every topological closed surface X posseses only one differential structure M. If X is a closed surface of negative Euler characteristic then, due to the mentioned Hurwitz [8] theorem, every finite group of self-homeomorphisms can be represented as a subgroup of the group of conformal automorphisms of a Riemann surface S homeomorphic to X . Consequently, we may assume that every effective orientation-preserving action of a finite group G on a compact orientable surface X by which we mean any faithful representation of G in Homeo + (X ), can be realized by conformal maps, i.e. by an embedding of G into Aut(S) for such S. This gives a first well-known upper bound for the order of a group G acting effectively on X , since the second part of the mentioned theorem of Hurwitz says that a group of automorphisms G of a compact Riemann surface S of topological genus g has at most 84(g − 1) elements. However, the statement of the Hurwitz theorem holds also for an orientation-preserving action of a finite group on the sphere and torus. Indeed, for the sphere, Brouwer, Kerekjarto and Eilenberg showed sequentially that every action of a finite group G is equivalent to an orthogonal action (see [5] for references). Also, the case of torus can be studied in the same way, as it was observed by Edmonds [5] though, some people consider it as a mathematical folklore only.
These lead to the following characterization of actions. Proof For the first part of the statement, we refer to [5] . The second is an easy consequence, but we would like to make a comment on it. Since the action is holomorphic, thus smooth, in some G x -invariant neighbourhood of any point x ∈ X it is G xequivariantly diffeomorphic to an orthogonal action on two discs D 2 of the isotropy group G x of x. By the Proposition 2.6, G x = Z m . The action of G is free outside a finite union of discs corresponding to all x with G x = e. This shows that the orbit space is a smooth manifold, thus a surface, because at every x with G x = Z m = e, the orbit space
Theorem 2.4 (Geometrization of action)
is a branched cover then). Secondly, g < g follows from the Riemann-Hurwitz formula (cf. [6] , see also equality).
Remark 2.5 We should point out here, that for any orientation-preserving action of a finite group G on a closed surface X of genus g, the statement of Theorem 2.4 is equivalent to one of the following (cf. [5] ):
1. there is a differential structure and a Riemaniann metric of constant curvature on X , so that G is a group of isometries of the resulting manifold M;
2. the universal coveringM of M can be identified with the Euclidean sphere S 2 , the Euclidean plane R 2 or the hyperbolic upper half-plane H if g = 0, 1 or ≥ 2, respectively, in such a way that all the lifts of all the elements of G toM correspond to a group of isometries ofM.
Next, we remind a classical fact, which allows us to restrict ourselves to the cyclic groups (see [12, Prop 3 .1]) in our study of the sets of points fixed by orientationpreserving actions of finite groups on compact orientable surfaces. As before, the fixed point set of a G-space, with respect to a subgroup H of G, is denoted by X H .
Proposition 2.6 Let G be a group of holomorphic automorphisms of a compact Riemann surface M = S and let M H = ∅ for a subgroup H ⊂ G. Then, H is cyclic.

Remark 2.7
The above is only the necessary condition. The sufficient condition for M H to be nonempty, for a cyclic group H ⊂ G, is that a lifting of H toM in Remark 2.5 (2) contains an elliptic element of order being equal to the order of H (cf. [9, 10] ).
Critical points of invariant functions on compact surfaces
In this section, we shall study critical points of a G-invariant function f on a compact surface with a holomorphic action of a finite group G.
Properties of the gradient field of an invariant function
Let M be a closed two-dimensional manifold, i.e. a compact surface and let f : M → R be a C 1 -function. Then, the gradient of f defines a continuous vector field
By definition, the set of zeros Zer(X) is equal to the set Crit( f ) of critical points of f .
Let M be a compact closed manifold, let f : M → R be a C 1 -function with isolated critical points and let
Recall that the local index at isolated zero x 0 of a vector field X : M → T M is the degree of the map
mapping a small sphere S ε (x 0 ) ⊂ M into the unit sphere S 1 in the tangent space at x 0 . Equivalently, it is equal to the degree of a map of pairs X :
The classical Hopf formula, applied to the field ∇( f )(x), says that
where χ(M) is the Euler characteristic of M. Recall that for a surface, we have
Remark 3.1 Let M be a manifold with a smooth action of a finite group G. Note that if f : M → R is a smooth C 1 function with isolated critical points, theñ
is G -invariant function with isolated, thus finite in amount, critical points.
In the next, we present the correspondence between the local germs of C 1 -functions at a singular point x 0 of a surface and its image x 0 in the orbit space M = M/G. First notice that, locally, the action of G near zero is equivariantly diffeomorphic to the tubular neighbourhood G × G x 0 D ε , where G x 0 is the isotropy group of x 0 and D ε is a small disc at 0 in the tangent space at x 0 . Consequently, for some open invariant set U , containing the orbit Gx 0 , we have
since each isotropy group is cyclic (Proposition 2.6).
Theorem 3.2 Suppose that G is a finite group acting preserving orientation on a closed compact surface M with M = M/G and π
such that all points of all singular orbits of the action are critical points of f .
Conversely, for an invariant C
1 -function f : M → R, each singular point of the action is a critical point. 3. Furthermore, any G-invariant C 1 -function f : M → R defines the unique C 0 - function f : M → R, such that f = f • π .
Moreover, if at any singular point of action x with isotropy group G x ≡ Z m the function f is of class C m and
D f (x) = D 2 f (x) = · · · = D m f (x) = 0 then f = f /G is a C 1 -
function and the image x = π(x) of any singular point x is a critical point of f .
Proof By Theorem 2.4, we can assume that M = S is a Riemann surface and G ⊂ Aut(S), thus Sing(M) = Sing(S).
To prove (1), it is enough to notice that Dπ is the zero map at each singular point. To get (2), observe that for an invariant C 1 -function f : M → R, a singular point is critical. Indeed, ∇ f : M → T M is an equivariant vector field and thus
Finally, concerning the proof of (3), observe that f defines a continuous function
, where x = π(x). For, it is sufficient to show that f is a C 1 -function at x = π(x) for every singular point x, as π : S\Sing(M) → M \π(Sing(M)) is a finite regular covering. The statement of the Theorem 3.2 follows from the lemma below. 
Therefore, it remains to show that f = f /G is C 1 at 0. Adding a constant if necessary, we can assume that f (0) = 0. Let z n → 0, z n = 0, be an arbitrary sequence. We choose a point z n ∈ π −1 (z n ) for each n ∈ N. Let us notice that then |z n | m = |z n |.
Since we may assume that z n is regular, π is a covering near z n and Proof Recall that f is flat at x 0 means that D k f (x 0 ) = 0 for every k ≥ 1. This yields
We have already shown that D f (x 0 ) exists and is equal to 0. Suppose that f is of class C k at x 0 and D i f (x 0 ) = 0 for 1 ≤ i ≤ k. With the same local coordinates systems as in Lemma 3.3, for any k ∈ N, we have
This shows that this limit exists and is equal to lim
f is continuous at x = π(x) and equal to 0.
Let π : U ⊂ S → M be a C 1 -map. We have the following well-known formula for the gradient of the composition
where the latter is the evaluation of the matrix field (Dπ) * (z) on the vector field Observe that in our case π is a holomorphic map. Since Dπ(z) = 0 for z = 0 and 0 is the unique critical point of f , 0 is also the unique critical point of the composition f = f π : V → R and therefore ∇( f π)(z) is a map of pairs (V, V \0) → (C, C\{0}).
Lemma 3.5 Under the above assumptions
Proof We already know that
where the latter is the evaluation of the matrix field (Dπ) * (z) on the vector field ∇( f )(π(z)). Since π is holomorphic, Dπ(z) is the multiplication by the complex derivative of the map π . Applying Lemma 3.6,
It remains to prove the following lemma. 
Lemma 3.6 Let U ⊂ C be an open subset, α, β : U → C continuous maps with
where the sum is taken over z ∈ (α * β) 
A differential proof of the Riemann-Hurwitz formula
In the last section, we present a new proof of the Riemann-Hurwitz formula for a Riemann surface S. It is completely elementary and requires only the existence of a C 1 -function with all isolated (thus finite in number) critical points on S and Hopf formula for the gradient field of such a function. It is similar to that of [15] , but we do not assume that our function is Morse and allow its critical points to be in the image, by π : S → S , of the singular points set of the action of G on S (see [15] for references about other proofs of the Riemann-Hurwitz formula).
Let S be a compact Riemann surface of genus g > 1 and let G be a group of holomorphic automorphisms of S. Let S = S/G be the quotient surface of genus g with the projection π : S → S and let {x 1 , . . . , x r } be the set of all points over which π is branched, i.e. the image of the singular orbits. For any x i, j ∈ π −1 (x j ) being a point in the orbit over x j , the isotropy group G x i, j is cyclic of order m j (observe that the isotropy groups of points in one orbit are conjugate). We denote by m the order of G. Now, it follows that the orbit of x i, j has order r j = m/m j . If x ∈ S \{x 1 , . . . , x r }, then π −1 (x ) is an orbit isomorphic to G and so consequently, for every x ∈ π −1 (x ), m x = 1 and r x = m/m x = m.
We already know, that given a C 1 and G-invariant function f : S → R, with isolated critical points, every singular point x ∈ S is a critical point of f , i.e. 
Furthermore, the local indices of the vector field deg(∇( f ), x) do not depend on a choice of a representative of the orbit of x, i.e. do not depend on i and we have the following formulas
where x i 0 , j andx i 1 , j are some fixed points in the orbits over x j andx j , respectively.
Proof Note that ∇( f ) is not the same as ∇( f π). Next, π |π −1 (S ε ) : π −1 (S ε ) → S ε /G is a regular covering of multiplicity m. Moreover, π is an orientation-preserving diffeomorphism on each of m-connected components of this set and thus
Let us introduce the following notation. For 1 ≤ j ≤ r , let d j denote the degree deg (∇( f ), x i, j ) , where for 1
is any point of the orbit. Recall that this degree does not depend on i. Similarly, for 1 ≤ j ≤r letd j denote the degree deg (∇( f ),x i, j ) , where for 1 ≤ j ≤r ,
is any point of the orbit; again this degree does not depend on i.
Next, for 1 ≤ j ≤ r and 1 ≤ j ≤r let d j , or correspondinglyd j , denote deg (∇( f ), x j ) ), or deg (∇( f ),x j ) , respectively. Hence, by Lemma 3.9, we have for every 1 ≤ j ≤ r, and 1 ≤ j ≤r we have
Then, the second equality of Theorem 3.8 has the form
Now, using the Euler-Poincare formula for S(x) = ∇( f π)(x) and the statement of Corollary 3.7, we have
Comparing the Eqs. (3), (4) and r j = m/m j we get
which is the classical Riemann-Hurwitz formula.
The computation of equivariant category of surface
The equivariant category of a preserving orientation action of finite group on closed orientable surface will be calculated in several steps.
Basic filtration
We begin with some general statement on the equivariant Lusternik-Schnirelmann category. The question of a computation of equivariant category for a topological space X is of interest, but difficult in general. However, there is a direct, well-known estimate for it, by the category of the orbit space [11] .
is a chain for H , then for
To shorten notation, we denote by B = X/G for the orbit space of the action of G on X . The image of X H in this orbit space is denoted by B H . Note that B H = X (H ) /G. The singular set of B is the image of the set of points with nontrivial isotropy in X , i.e. the image of the set of singular points. We will construct a filtration of the space B. Let
for each i in the range 0 ≤ i ≤ s. Observe, following Remark 4.3, that the set X i is G-invariant. Now, B 1 is the singular set and B r = B G is the homeomorphic image of the set of points fixed by the action, possibly empty. Let also k = min{i : X i+1 = ∅}. Finally, we introduce the basic filtration of length k of B to be
Remark 4.4
Note that in our case all X i , i ≥ 1, are finite and so the corresponding B i are finite too. Indeed, the fixed point set X H is a submanifold of X and as such has dimension 0 or 1. The case of 1-dimensional submanifold can be ommitted, since the action preserves the orientation. Moreover, for an action of holomorphic maps, such a submanifold should be complex, thus of dimension 0.
For a G-space X , by H(X ) we denote the intersection of the standard filtration of all subgroups and the family of all isotropy subgroups {G x : x ∈ X }. As a direct consequence of Proposition 2.6, we have the following fact Proposition 4.5 If a finite group G acts on a compact orientable surface X , then the standard filtration H(X ) consists only of the cyclic groups.
Bounds for the equivariant category
Now, we recall some lower and upper bounds for G-category. The lower ones are standard, while the upper one follows from the main result of [4] . From now on, we shall assume that the action is not free (for free actions the G-category of X coincides with the category of the orbit space X/G, see [11] ).
Proposition 4.6 cat
But X 1 is a special invariant subset, which consists of points fixed by all nontrivial subgroups of G. By the definition, X 1 consists of the fixed points of minimal nontrivial, i.e. cyclic of a prime order, subgroups but it also contains points fixed by all the other subgroups, since X H ⊂ X K for K ⊂ H .
Corollary 4.8 cat
Below we recall an upper bound for the G-category, in terms of the dimension of B = X/G and the G-category of the singular set given by Colman [4] . X be a connected G-complex, where G is a finite group acting  non-freely on X 
Theorem 4.9 Let
Our aim is to show that for an orientation-preserving action of a finite group G on a closed, connected, orientable surface X of genus g ≥ 2, the G-category is realized on the set of singular orbits in vast majority cases. In Example 4.4, in [4] , we have an action of G = Z 4 on the torus, for which
Here, the quotient surface X is homeomorphic to S 2 .
We begin with the following lemma. Proof For every compact closed surface two-dimensional manifold M of genus g > 0 there exists a C 1 -functionf : M → R such thatf has only three critical points (cf. [13, p. 90] and [16] ), which we denote by y 1 , y 2 , y 3 . If M has genus 0, i.e. when it is diffeomorphic to the sphere S 2 , then there exists a functionf : S 2 → R with only two critical points, denoted by y 1 , y 2 . Next, for every three pairs of points x 1 , x 2 , x 3 and y 1 , y 2 , y 3 of a compact surface M, there exists an isotopy ϕ t : M × I → M such that ϕ 0 = id S and ϕ 1 (x i ) = y i for i = 1, 2, 3. Put ϕ := ϕ 1 . Then, the function f =f • ϕ has critical points x 1 , x 2 , x 3 and they are the only critical points, because 
Proof Due to the Hurwitz theorem and before-mentioned Edmonds Theorem 2.4, every such action is equivalent to a holomorphic action, which simply means that every finite group of orientation-preserving homeomorphisms of X can be seen as a group of holomorphic automorphisms of a Riemann surface S homeomorphic to X . Then, the fixed point set of any subgroup of G is finite (possibly empty) as a complex submanifold of S. First, we consider the free action case. Observe that every preserving orientation homeomorphism of S 2 has a fixed point, as follows from the Lefschetz fixed point formula. It excludes g = 0. Next, if g = 0 then χ(S) = 2 − 2g = 2 m where m is the multiplicity of regular covering p : S → S , since χ(S 2 ) = 2. The latter is impossible, since χ(S) ≤ 0, which shows that g ≥ 1, thus proves the first part of the statement.
Moreover for a group G of holomorphic automorphisms of a compact Riemann surface S of genus g ≥ 0, the projection map π : S → S = S/G onto the orbit space is a covering ramified over r points, say with the ramification indices m 1 , . . . , m r , and the genus of S equals g . Observe that the action is free if and only if r = 0.
Let us consider the general case of ramified covering. If r ≥ 3 then the statement follows from Lemma 4.10. If g = 0, i.e. S = S 2 then, it is easy to show that for any S, of g ≥ 1, there is not a branched covering p : S → S with r ≤ 2. Indeed, from the Riemann-Hurwitz formula, we have
Consequently, for χ(S ) = 2, r = 0, 1, 2 is excluded if χ(S) ≤ 0, which proves the first item of this case.
If f : M → R is G-invariant C 1 -function on a G-manifold M and x its critical point then gx is also critical, i.e. the orbit of x consists of critical points. Let |Crit or ( f )| be the number of critical orbits of f . The main property of G-category says that for
To prove the statement, it is enough to construct a G-invariant C 1 -function f : S → R, with exactly as many critical orbits as it is given in the statement.
Let {x 1 , . . . , x r } be a complete set of representatives of all orbits and let x i = π(x i ) be the set of their images in the orbit space S = S/G. Next, let f : S → R be the function from the Lemma 4.10 and consider a composition map f = f π. By the definition, f is G-invariant. By Theorem 3.2, f is a C 1 -function and if x = π(x) is a regular point of f then x is a regular point of f . Furthermore, every point x ∈ Gx i , 1 ≤ i ≤ r of a singular orbit of action is a critical point of f , by (1) of Theorem 3.2. Finally, if x , x = π(x) is a critical point of f , then the orbit of x consists of critical points of f .
Summing up, the set of the critical points of f consists of all points in Gx 1 ∪. . .∪Gx r and points (thus orbits) which are not in this set but which are mapped by π onto critical points of f . The latter corresponds to the cases (c) and (d) of the Lemma 4.10.
To complete the proof of Theorem 4.11, observe that cat(B 1 ) = |B| is equal to cat G (S 1 ), because B 1 is the finite union of points corresponding to the orbits of the G-set X 1 . Consequently, cat(B 1 ) = |B 1 |. Since S 1 consists of r orbits, we get the claim
Remark 4.12 Note that for every m there exists a semi-free preserving orientation action of G = Z m with two fixed points (the rotation of the sphere around its axis by 2π m angle). Also, for every g ≥ 1, there exits a branching cover of a Riemann surface S of genus g over S = S 2 with exactly three branching points.
In the examples given below, we use a representation of a Riemann surface S as a quotient of the upper half-plane H, with the hyperbolic metric, by a discrete group of its isometries, called the Fuchsian group. The group G acting on S is by biholomorphic maps defined by a supgroup ⊃ of isometries in which is a normal subgroup and / = G (see [2] for more details). for h ≡ 1 mod 3 (bab, bab) for h ≡ 2 mod 3 Then, for = ker θ , the orbit space S = H/ , where H is the hyperbolic plane is a Riemann surface with a group of automorphisms G = / so that S = S/G ∼ = H/ and the canonical projection S → S = S/G is sixfold covering ramified over exactly one point. The surface S has genus h and, by the Hurwitz-Riemann formula S has genus g = 3(2h − 1).
Observe that the above constructed covering is extremal in the sense that g is the minimal number for the genus of a Riemann surface which allow a covering of Riemann surface ramified over one point.
Observe also that 6 is the minimal degree for such covering since each group of order smaller than 6 is abelian, while for abelian group G the long relation in is mapped by arbitrary epimorphism θ into θ(x 1 ) and therefore x 1 is a torsion element of in contrary to our assumption.
Example 4.14 Given h > 0, there exists a Fuchsian group with the presentation x 1 , x 2 , a 1 , b 1 , . . . , a h Then, for = ker θ , the orbit space S = H/ , where H is the hyperbolic plane is a Riemann surface with a group of automorphisms G = / so that S = S/G ∼ = H/ and the canonical projection S → S = S/G is a twofold covering ramified over exactly two points. The surface S has genus h and, by the Hurwitz-Riemann formula S has genus g = 2h.
Note that in the above examples D n is the dihedral group associated to a polygon with n sides. Theorem 4.9 applied to a closed surface S gives cat G (S)−|B 1 | = cat G (S)−r ≤ 2, since dim B = 2. As a consequence of Theorem 4.11 and Examples 4.13 and 4.14 we get the following 
